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Solving PDEs

Classic Numerical Methods

FEM or SpectralNew Task Results

Ø Recalculation for every new sample

Ø Each round will take hours or even days 

for a precise simulation

Huge computation costs

Neural PDE Solver

Deep ModelsData Loss

Ø Training once, inference a lot

Ø Each inference needs several seconds

An efficient surrogate tool

(In expectation)

New Task Results



Challenges in Practical Industrial Design

Task: Estimate the drag coefficient of a given shape:

Surrounding Wind & Surface Pressure



Challenges in Practical Industrial Design

Task: Estimate the drag coefficient of a given shape:

Surrounding Wind & Surface Pressure

1. Large-scale meshes → Huge computation cost 

2. Complex and unstructured geometrics → Complex geometric learning

3. Multiphysics interaction → Intricate physical correlations
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Transformer-based PDE Solvers

…

(1) Geometries as point sequences (2) Attention as Monte Carlo Integral

OFormer, Galerkin Transformer, GNOT, etc

1. Quadratic complexity

2. Hard to capture physical correlations among massive points



Transformer-based PDE Solvers

…

(1) Geometries as point sequences (2) Attention as Monte Carlo Integral

OFormer, Galerkin Transformer, GNOT, etc

How to efficiently capture physical correlations underlying discretized meshes

is the key to “transform” Transformers into practical PDE solvers



Solving PDEs: Discretization

Airplane

Car



A Foundational Idea of Transolver

Discretized Domain

Previous Work

Being “trapped” to superficial and unwieldy meshes

Difficulties in Complexity, Geometry, Physics



A Foundational Idea of Transolver

Transolver

Learning intrinsic physical states under

complex and large-scale geometrics

Better Complexity, Geometry, Physics ModelingPhysics Domain

Discretized Domain

Previous Work

Being “trapped” to superficial and unwieldy meshes

Difficulties in Complexity, Geometry, Physics



…
(a) Slices for Darcy, 2D Regular Grid

…
(b) Slices for Elasticity, 2D Point Cloud (c) Slices for Airfoil, 2D Mesh

(e) Slices for Shape-Net Car Surface Pressure, 3D Mesh

2023/12/18 15:07 SY.KWPO
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(d) Slices for Shape-Net Car Surrounding Velocity, 3D Volumes

2023/12/18 16:09 pv_velo.html
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……

…

Learning Physical States

Mesh points under similar physical states will be ascribed to the same slice

and then encoded into a physics-aware token.



Overview of Transolver

Transolver applies attention to learned physical states (Physics-Attention)

① Mesh → physics ② Attention (Integral) ③ Physics → Mesh



Overview of Transolver

① Mesh → physics

To obtain physics-aware tokens



Mesh → physics

1. Assign each point to slices with weights learned from features

𝑵 Points to 𝑴 Slices

Softmax for low-entropy slices



Mesh → physics

1. Assign each point to slices 2. Aggregate slices for physics-aware tokens



Overview of Transolver

② Attention among physics tokens

Approximate Integral to solve PDEs



Attention among physics tokens

1. Complexity: 𝒪(𝑁!𝐶) → 𝒪(𝑀!𝐶)

2. Capture interactions among physics states

3. Theorem: Attention as learnable integral operator

Canonical attention among physics tokens

…
(a) Slices for Darcy, 2D Regular Grid

…
(b) Slices for Elasticity, 2D Point Cloud (c) Slices for Airfoil, 2D Mesh

(e) Slices for Shape-Net Car Surface Pressure, 3D Mesh
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(d) Slices for Shape-Net Car Surrounding Velocity, 3D Volumes
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Overview of Transolver

③ Physics → Mesh

Project physics information back to mesh



Theoretical Understanding of Transolver

1. Corollary of Attention is a learnable integral

Since attention mechanism is applied to tokens encoded from slices, the step 2 

(attention part of Transolver) is a learnable integral for the physics domain

Is Physics-Attention still an input domain integral?



Theoretical Understanding of Transolver

All the designs in Transolver can be directly derived.



Experiments

Six standard benchmarks, two practical design tasks

More than 20 baselines



Standard PDE-Solving Benchmarks

Transolver achieves 22% error reduction over the second-best model



Practical Design Tasks

Design-oriented metrics: Drag/lift coefficients and their Spearman’s correlation

Transolver performs best in both physics and design-oriented metrics



Efficiency

Favorable efficiency and performance balance

Transolver is faster than linear Transformers in large-scale meshes.



Physics-Attention Visualization

Slice visualization on Elasticity

Transolver is mesh-free, precisely captures states even on broken meshes



Showcases

Transolver excels in solving multiphysics PDEs on hybrid geometrics



Pursuing PDE Foundation Models: Scalability

1. Resolution: Consistent performance at varied scales

2. Data: Benefiting from larger training data

3. Parameter: Benefiting from more parameters



Pursuing PDE Foundation Models: Generalization

Transolver still performs best (Spearman’s correlation ~ 99%) in OOD settings 



Open-Source Code

https://github.com/thuml/TransolverCode Link: Code for Transolver

Code for Transolver in Modulus

https://github.com/thuml/Transolver
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Difficulties on Applicability

32k Mesh Points 2.5M Mesh Points



Difficulties on Applicability
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Difficulties on Applicability

Large Geometrics In real-world applications

2. Deep models are expected to be Scalable

1. More complex geometrics with plenty of details

Wind Wind

Drag
Lift

(a) DrivAerNet++ (b) AirCraft

3. Models are expected to be more accurate



Transolver applies attention to learned physical states

① Mesh → physics ② Physics-Attention  ③ Physics → Mesh

Revisiting Transolver



Challenges within Transolver
1. Homogeneous physical states 2. Efficiency Bottleneck

- Even a single intermediate 
representation of one million mesh points 
will consume 2GB GPU memory
- Previous upper bound of geometry 
scale is 600k on one single GPU 
supported by Transolver
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Solutions to challenges – Physics-Attention with Eidetic States
Architectural Design
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Solutions to challenges – Physics-Attention with Eidetic States
Local Adaptive Mechanism

• Utilize the local properties of each mesh point

• Learns the uncertainty of each points

• Adaptively change the temperature of each point

Slice reparameterization
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Solutions to challenges – Parallel Transolver++
Parallel Formulation
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Solutions to challenges – Parallel Transolver++
Overhead Analysis Further SpeedUp
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Standard PDE-Solving Benchmarks

Transolver++ achieves averaged 13% error reduction than previous methods.



Industrial Applications

Transolver++ achieves over 20% error reduction.



Efficiency and Scalability

Transolver++ strikes a favorable balance between performance and efficiency.

Larger mesh, better accuracy



Showcases



Showcases



https://github.com/thuml/Neural-Solver-Library

ü 17 different PDE solvers

ü 6 standard benchmarks, PDEBench

and design tasks 

Welcome to join us and add a new 
feature to this Library!

Code Link: Code for NeuralSolver

Neural-Solver-Library

https://github.com/thuml/Neural-Solver-Library
https://github.com/thuml/Neural-Solver-Library
https://github.com/thuml/Neural-Solver-Library
https://github.com/thuml/Neural-Solver-Library
https://github.com/thuml/Neural-Solver-Library
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